Abstract. We prove that if X is a rationally connected threefold and G is a p-subgroup in the group of birational selfmaps of X, then G is an abelian group generated by at most 3 elements provided that p 17. We also prove a similar result for p 11 under an assumption that G acts on a (Gorenstein) G-Fano threefold, and show that the same holds for p 5 under an assumption that G acts on a G-Mori fiber space.
Introduction
Let k be an algebraically closed field of characteristic 0. The Cremona group Cr r (k) of rank r is the group of birational selfmaps of the projective space P r k . Classification of finite subgroups of Cremona groups is a classical problem which goes back to works of E. Bertini, G. Castelnuovo, S. Kantor, and others. For Cremona group of rank 2 there is a classification of finite subgroups, see [Bla09] , [DI09a] ; some results are also known for non-closed fields [Ser09c] , [DI09b] , [Yas16] .
For rank 3 and higher it is generally understood that no reasonable explicit classification of finite subgroups is possible. However, there are various boundedness properties of subgroups of Cremona groups (or, more generally, subgroups of birational automorphism groups of arbitrary rationally connected varieties) that are partially proved and partially expected to hold, Theorem 1.2. Let X be a rationally connected threefold and G be a finite p-subgroup of Bir(X). Suppose that p > 10368. Then G is an abelian group generated by at most 3 elements.
If we restrict ourselves to the case of abelian p-groups, more precise results are available. For any p this bound is attained for some abelian p-subgroup G ⊂ Cr 2 (k).
Theorem 1.4 ([Pro11
, [Pro14] ). Let X be a rationally connected threefold and G be an abelian p-subgroup of Bir(X). Then G is generated by at most r elements, where The goal of this paper is to prove the following refinement of Theorem 1.2. Theorem 1.5. Let X be a rationally connected threefold and G ⊂ Bir(X) be a p-subgroup. Suppose that p 17. Then G is an abelian group generated by at most three elements.
Actually, we deduce Theorem 1.5 from the following fact that looks interesting on its own. Theorem 1.6 (cf. [PS16b, Theorem 4 .2]). Let X be a projective rationally connected threefold and G ⊂ Aut(X) be a p-subgroup. Suppose that p 17. Then G has a fixed point on X.
In course of the proof of Theorem 1.5, we also establish the following result in dimension 2 (this can be deduced from the classification of finite subgroups of Cr 2 (k) obtained by I. Dolgachev and V. Iskovskikh in [DI09a] , but our proof is short and self-contained).
Proposition 1.7. Let S be a rational surface, and G ⊂ Cr 2 (k) be a psubgroup. Suppose that p 5. Then G is an abelian group generated by at most two elements.
Similarly to the case of Theorem 1.5, we derive Proposition 1.7 from the following fact. Proposition 1.8. Let S be a projective rational surface, and G ⊂ Aut(S) be a p-group. Suppose that p 5. Then G has a fixed point on S.
According to [PS16b, Theorem 4 .2] and [Bir16, Theorem 1.1], a generalization of Proposition 1.8 and Theorem 1.6 holds in any dimension; however, obtaining an explicit bound here seems to be out of reach for our techniques.
At the moment we are not aware of any examples of p-groups violating the assertion of Theorem 1.5 for p 5. This makes us suspect that the bound provided by Theorem 1.5 may be improved. Also, the following question looks interesting. Question 1.9. Let X be a projective rationally connected variety of dimension r, and G ⊂ Aut(X) be a p-subgroup that cannot be generated by less than r elements. Suppose that p is sufficiently large. Is it true that X is rational? Is it true that G is contained in an r-dimensional torus acting on X?
The plan of the paper is as follows. In §2 we consider several easy examples of "large" 2-and 3-groups acting on rational surfaces and rationally connected threefolds. In §3 we collect auxiliary facts about linear representations of p-groups. In §4 we discuss lifting properties for fixed points of p-groups along extremal contractions following [PS16b, §3] . In §5 we study fixed points of p-groups on rational surfaces, and prove Propositions 1.8 and 1.7; as a consequence, we prove Corollary 5.4, that is a more precise analog of Theorem 1.5 in this case. In §6 we describe invariant anticanonical divisors for p-groups acting on Fano threefolds, and prove Corollary 7.12, that is a more precise analog of Theorem 1.5 in this case. In §7 we study fixed points of p-groups on Gorenstein Fano threefolds. In §8 we prove Theorems 1.6 and 1.5 and make concluding remarks.
Throughout the paper we work over an algebraically closed field k of characteristic 0. All varieties are assumed to be projective. By µ n we denote the cyclic group of order n. We will always denote by p some prime number. For a finite p-group G we denote the minimal number of its generators by r(G).
We are grateful to J.-P. Serre for his interest in our work, and to A. Kuznetsov and L. Rybnikov for useful discussions.
Examples
For an arbitrary integer n, the group GL r (k) ⊂ Cr r (k) contains a subgroup isomorphic to µ r n . In this section we give several examples of more complicated p-subgroups of Cremona groups for p = 2 and p = 3.
Recall that an elementary abelian p-group is a group isomorphic to µ r p for some r.
Remark 2.1. Let G be a finite p-group and let Φ(G) be its Frattini subgroup, that is, the intersection of all maximal proper subgroups of G. Then G/Φ(G) is an elementary abelian p-group. By Burnside's basis theorem [Hal76, Theorem 12.2.1] we have r(G) = r(G/Φ(G)).
Example 2.2. Let Q ∼ = µ 2 × µ 2 be the subgroup of Aut(P 1 ) ∼ = PGL 2 (k) generated by the matrices
where µ 2 acts on P 1 × P 1 × P 1 by permutation of the first two factors. Using Remark 2.1, one can compute that r(G) = 5. Note that for the group
2 , so that r(G ′ ) > r(G). The groups G and G ′ have no fixed points on
Example 2.3. Let Γ ′ ⊂ PGL 4 (k) be the group that is generated by multiplications of the homogeneous coordinates by cubic roots of 1, and Γ ⊂ PGL 4 (k) be the group generated by Γ ′ and a cyclic permutation of the first three homogeneous coordinates. Then Γ ′ ∼ = µ 3 3 , while Γ is a non-abelian group with r(Γ) = 2. Let X ⊂ P 3 be the Fermat cubic surface, i.e., the cubic surface given by equation
Then X is invariant with respect to the group Γ. The groups Γ and Γ ′ have no fixed points on X. A rational variety X ×P 1 is acted on by a non-abelian 3-group Γ × µ 3 with r(Γ × µ 3 ) = 3, and also by its subgroup Γ ′ × µ 3 ∼ = µ 4 3 . The groups Γ × µ 3 and Γ ′ × µ 3 have no fixed points on X × P 1 .
Example 2.4. Similarly to Example 2.3, consider a Fermat cubic threefold Y in P 4 . Then Y is a smooth non-rational rationally connected threefold, and there is an action of the group Γ × µ 3 on Y . The group Γ × µ 3 has no fixed points on Y .
Representations
In this section we collect auxiliary assertions about linear and projective representations of p-groups. The following facts are easy and well-known.
Lemma 3.1. Let G be a p-group. Then the following assertions hold.
(i) For any k such that p k divides |G| the group G contains a subgroup of order p k . (ii) Any non-trivial normal subgroup of G has a non-trivial intersection with the center of G.
that the center of G acts faithfully on V . Then V contains an irreducible G-subrepresentation W such that dim W is divisible by p. (v) Suppose that G is non-abelian, and p 3. Let V be a faithful representation of a G defined over Q. Then dim V 2p.
Remark 3.2. Let G ⊂ GL n (k) be a finite abelian group. Then its elements are simultaneously diagonalizable, so that G is generated by at most n elements.
Lemma 3.3. Let G ⊂ GL n (k) be a p-group. Suppose that p > n. Then G is abelian and r(G) n.
Proof. Suppose that the group G is not abelian. By Lemma 3.1(iv) the natural n-dimensional G-representation V has a subrepresentation whose dimension is divisible by p > n, which is a contradiction. Therefore, G is an abelian group, so that r(G) n by Remark 3.2.
Denote by T P (U) the Zariski tangent space to a variety U at a point P ∈ U.
Remark 3.4. Let U be an irreducible variety acted on by a finite group G. Suppose that G has a fixed point P ∈ U. Then there is an embedding Lemma 3.5. Let G ⊂ Aut(P n−1 ) ∼ = PGL n (k) be a p-group. Suppose that p > n. Then G has a fixed point on P n−1 .
Proof. Consider the natural projection θ : SL n (k) → PGL n (k), and letG be the preimage of G with respect to θ. LetḠ be a Sylow p-subgroup ofG. We have θ(Ḡ) = G. On the other hand,Ḡ is an abelian group by Lemma 3.3. ThusḠ has a one-dimensional subrepresentation in its natural n-dimensional representation, which means that G has a fixed point in P n−1 . By Remark 3.4 this implies that G is a subgroup of GL n−1 (k), so that the remaining assertions follow from Lemma 3.3.
Corollary 3.6. Let G be a p-group acting faithfully on a rational curve C. Suppose that p 3. Then G has a fixed point on C.
Proof. The action of G lifts to the normalizationC of C, and G has a fixed point onC by Lemma 3.5.
Corollary 3.7. Let G be a p-group acting faithfully on a (possibly reducible) conic C. Suppose that p 3. Then G has a fixed point on C.
Proof. The conic C is either isomorphic to P 1 , or is a union of two irreducible components meeting in a single point. In the former case the group G has a fixed point on C by Lemma 3.5, and in the latter case the intersection point of the irreducible components is G-invariant.
Corollary 3.8. Let G ⊂ Aut(P 1 × P 1 ) be a p-group. Suppose that p 3. Then G has a fixed point on P 1 × P 1 .
Proof. One has
, so that the assertion follows from Lemma 3.5.
Corollary 3.9. Let G ⊂ PGL 4 (k) be a p-group. Suppose that there is a G-invariant surface S of degree at most 2 in P 4 . Suppose also that p 3. Then G has a fixed point on S.
Proof. If deg(S) = 1, then G has a fixed point on S by Lemma 3.5. Thus we may assume that deg(S) = 2. If S is reducible, then both its irreducible components are G-invariant, so that there is again a fixed point on S. If S is a cone with an irreducible base, then its unique singular point is fixed by G. Finally, if S is a non-singular quadric, then G has a fixed point on S by Corollary 3.8.
Recall that for a given group G with a representation in a vector space V a homogeneous semi-invariant of G of degree n is a non-zero homogeneous polynomial f ∈ k[V ] of degree n the vector space k · f is G-invariant. In other words, f is an eigen-vector of G in the vector space Sym n V ∨ .
Lemma 3.10. Let V be a p-dimensional vector space, and G ⊂ GL(V ) be a non-abelian p-group. Then G has no semi-invariants of degree less than p.
Proof. By Lemma 3.1(iv) the representation V is irreducible. Therefore, by Schur's lemma the center Z of G acts on V by scalar matrices whose entries are roots of 1 of degree p k for some k. In particular, Z acts faithfully on Sym r V ∨ for every r coprime to p. Now suppose that G has a homogeneous semi-invariant of positive degree d < p. This means that Sym d V ∨ contains a one-dimensional G-subrepresentation W . Since Z acts (faithfully) by scalar matrices on Sym d V ∨ , it acts faithfully on W as well. The latter contradicts Lemma 3.1(iv).
Lemma 3.11. Let V be a vector space, and G ⊂ GL(V ) be an abelian pgroup. Suppose that G preserves a hypersurface R in P(V ) of degree less than p. Then G has a fixed point on R.
Proof. Since G is abelian, V splits into a sum of one-dimensional subrepresentations. Choose some two-dimensional G-invariant subspace W ⊂ V , and let L = P(W ) be the corresponding line in P(V ). If L is not contained in R, then the intersection L∩R is a non-empty G-invariant set that consists of less than p points, so that all these points must be G-invariant. Thus we may assume that L ⊂ R. It remains to notice that L contains a point fixed by G since W contains a one-dimensional subrepresentation.
Lemma 3.12. Let V be a vector space of dimension at most p, and let G ⊂ PGL(V ) be a p-group. Suppose that G preserves a hypersurface R in P(V ) of degree less than p. Then G has a fixed point on R.
Proof. Let θ : SL(V ) → PGL(V ) be the natural homomorphism. PutG = θ −1 (G), and letḠ be a Sylow p-subgroup ofG. ThenḠ is a p-group. If dim V < p, thenḠ is abelian by Lemma 3.3. If dim V = p, thenḠ is abelian by Lemma 3.10. Thus G = θ(Ḡ) is abelian as well, and there is aḠ-fixed (that is, G-fixed) point on R by Lemma 3.11.
Lemma 3.13. Let V be a vector space of dimension n 3, and let C ⊂ P(V ) be an irreducible curve of degree n + 1 and geometric genus 1. Let G ⊂ PGL(V ) be a p-group such that C is G-invariant. Then p n + 1.
Proof. Suppose that p > n + 1. Replacing V by its G-invariant linear subspace, we may assume that C is not contained in a hyperplane in P(V ), so that the action of G on C is faithful.
Let ν :C → C be the normalization of C, and put L = ν * |O P(V ) (1)| C |. ThenC is an elliptic curve with an action of G, and L is an n-dimensional Ginvariant linear system onC. By Lemma 3.5 there is a G-invariant divisor L in L.
Since p > 3, we see that G acts onC by translations. Therefore, the degree of L is divisible by p. This is impossible by the Riemann-Roch theorem.
Corollary 3.14. Let C ⊂ P 2 be a curve of degree at most 3, and let G ⊂ PGL 3 (k) be a p-group such that C is G-invariant. Suppose that p 5. Then G has a fixed point on C.
Proof. Replacing C by one of its irreducible components if necessary, we may assume that C is irreducible. If C is a line, then G has a fixed point on C by Lemma 3.5. If C is a conic, then G has a fixed point on C by Corollary 3.7. Finally, if C is an (irreducible) cubic, then it is singular by Lemma 3.13; so C has a unique singular point, which must be fixed by G.
Corollary 3.15. Let C ⊂ P 3 be a curve of degree at most 4. Suppose that for a general point P of (every irreducible component of ) C there is a neighbourhood U P such that C ∩U P is cut out by quadrics. Let G ⊂ PGL 4 (k) be a p-group such that C is G-invariant. Suppose that p 5. Then G has a fixed point on C.
Proof. Replacing C by one of its irreducible components if necessary, we may assume that C is irreducible. If C is a line, then G has a fixed point on C by Lemma 3.5. If C is a conic, then G has a fixed point on C by Corollary 3.7. Therefore, we may assume that C is not contained in a hyperplane in P 3 . If C is a twisted cubic, then G has a fixed point on C by Lemma 3.5. If C is a rational quartic, then G has a fixed point on C by Corollary 3.6. Finally, if C is a normal elliptic curve of degree 4, then G has a fixed point on C by Lemma 3.13.
Lemma 3.16. Let V be a (p + r)-dimensional vector space, where 1 r p − 1. Let G ⊂ GL(V ) be a non-abelian p-group. Suppose that G has a homogeneous semi-invariant f of degree 1 d p − 1, and let R ⊂ P(V ) be the subscheme defined by equation f = 0. The following assertions hold:
(i) if r = 1, then f is a d-th power of a linear form;
(ii) if r 2 and d 2, then the singular locus of R has dimension at least p − 1.
Proof. By Lemma 3.1(iv) the representation V splits into a sum of an irreducible p-dimensional representation U and r one-dimensional representations T 1 , . . . , T r .
One has a splitting
where
r . This splitting agrees with the action of G, so that there are G-equivariant projectors on each of the summands in (3.1).
Assume that a projection of W to at least one subspace W k 0 ,...,kr with k 0 1 is non-trivial. This gives a one-dimensional subrepresentation in W k 0 ,...,kr , and thus in Sym k 0 U ∨ . The latter is impossible by Lemma 3.10. Therefore, we see that W is contained in the subspace
If r = 1, this means that f is a d-th power of a linear form, which is assertion (i). If r > 1, this means that R is a cone over a subscheme in the linear subspace P(T 1 ⊕. . .⊕T r ) ⊂ P(V ) with the vertex P(U) ⊂ P(V ); under an additional assumption that d 2 we see that R is singular along P(U), which is assertion (ii).
The following result will be used in the proofs of Lemmas 7.3 and 7.5.
Lemma 3.17. Let V be a vector space of dimension n 3, and G ⊂ PGL(V ) be a p-group. Suppose that G preserves a normal variety X such that X is either a complete intersection of two quadrics in P(V ), or a complete intersection of a quadric and a cubic in P(V ). Suppose that p n − 1 and p 5. Then G has a fixed point on X.
Proof. If X is a complete intersection of a quadric and a cubic, then there is a unique quadric Q passing through X, so that Q is G-invariant. If X is a complete intersection of two quadrics, then G acts on the pencil of quadrics passing through X; thus Lemma 3.5 implies that there is a G-invariant quadric Q passing through X in this case as well. Since X is normal, the codimension of the singular locus of Q is at least 2, so that the quadric Q is reduced.
Let θ : SL(V ) → PGL(V ) be the natural homomorphism. PutG = θ −1 (G), and letḠ be a Sylow p-subgroup ofG. One has θ(Ḡ) = G. If p > n, then the groupḠ is abelian by Lemma 3.3. If p = n, thenḠ is abelian by Lemma 3.10. If p = n − 1, thenḠ is abelian by Lemma 3.16(i).
Let W be a three-dimensionalḠ-invariant subspace of V , and denote by Π ⊂ P(V ) its projectivization. If Π is contained in X, then X contains a point fixed by G since W contains a one-dimensionalḠ-subrepresentation. Thus we may assume that Π is not contained in X.
If Π ∩ X is one-dimensional, let C be the union of its one-dimensional irreducible components. Then deg(C) 3, so that G has a fixed point on C by Corollary 3.14.
Thus we may assume that the intersection Π ∩ X is finite. This means that it consists of either 4 or 6 points (counted with multiplicities). One of them must be fixed by the group G because p 5.
The following result will be used in the proof of Lemma 7.5.
Lemma 3.18. Let V be a vector space of dimension n 4, and G ⊂ PGL(V ) be a p-group. Suppose that G preserves a variety X that is a complete intersection of three quadrics in P(V ). Suppose that X is normal. Suppose also that p n − 2 and p 5. Then G has a fixed point on X.
Proof. The group G acts on the projective plane parameterizing quadrics passing through X; thus Lemma 3.5 implies that there is a G-invariant quadric Q passing through X. Since X is normal, we see that the codimension of the singular locus of Q is at least 2, i.e. the singular locus of Q has dimension at most n − 4.
Let θ : SL(V ) → PGL(V ) be the natural homomorphism. PutG = θ −1 (G), and letḠ be a Sylow p-subgroup ofG. One has θ(Ḡ) = G. The groupḠ is abelian by Lemma 3.3 if p > n, by Lemma 3.10 if p = n, by Lemma 3.16(i) if p = n − 1 and by Lemma 3.16(ii) if p = n − 2. Let W be a four-dimensionalḠ-invariant subspace of V , and let Π ⊂ P(V ) be its projectivization. If Π is contained in X, then X contains a point fixed by G since W contains a one-dimensionalḠ-subrepresentation. Thus we may assume that Π is not contained in X.
If Π ∩ X is two-dimensional, let S be the union of its two-dimensional irreducible components. Then deg(S) 2, so that G has a fixed point on S by Corollary 3.9.
If Π∩X is one-dimensional, let C be the union of its one-dimensional irreducible components. Then deg(C) 4, and for a general point P of (every irreducible component of) C there is a neighbourhood U P such that C ∩ U P is cut out by quadrics. so that G has a fixed point on C by Corollary 3.15.
Thus we may assume that the intersection Π ∩ X is finite. This means that it consists of 8 points (counted with multiplicities). One of them must be fixed by the group G because p 5.
The following result will be used in the proof of Lemma 7.8.
Lemma 3.19. Let µ 5 ⊂ PGL 4 (k) be a subgroup such that there is a smooth µ 5 -invariant curve C ⊂ P 3 of genus 3. Then deg(C) = 7.
Proof. Suppose that deg(C) = 7. Note that C is not contained in a plane. Hence the action of µ 5 on C is faithful. It follows from the Hurwitz formula that µ 5 has a unique fixed point on C. Let us denote it by P . It is easy to see that there is an embedding µ 5 ⊂ GL 4 (k) that induces our action of µ 5 on P 3 ; for instance, one can take any preimageg in SL 4 (k) of a generator g of µ 5 ⊂ PGL 4 (k), and consider the group generated byg 4 . The corresponding four-dimensional vector space splits as a sum of four one-dimensional µ 5 -representations. Let H 1 , . . . , H 4 be µ 5 -invariant planes in P 3 such that H 1 ∩ . . . ∩ H 4 = ∅. Then the intersection of H i with C consists of 7 points (counted with multiplicities), so that H i ∩ C contains at least one µ 5 -fixed point, say, P i . At least one of the points P 1 , . . . , P 4 is different from P , which gives a contradiction.
Extremal contractions
In this section we adapt the results of [PS16b, §3] for p-groups. We will use the following notation. Let L(n) be a minimal integer such that for any rationally connected variety X of dimension n and any p-group G ⊂ Aut(X) with p > L(n) the group G has a fixed point on X. Lemma 4.1. Let X be a variety of dimension n, and G ⊂ Aut(X) be a p-group. Suppose that X has terminal GQ-factorial singularities. Let f : X Y be a birational map that is a result of a G-Minimal Model Program ran on X. Suppose that G has a fixed point on Y , and p > L(n − 1). Then G has a fixed point on X.
Proof. The rational map f is a composition of G-contractions (see [PS16b, §2 ] for a precise definition) and G-flips, so it is enough to prove the assertion for a G-contraction and for a G-flip. If f : X → Y is a G-contraction, then there is a G-invariant rationally connected subvariety Z X by [PS16b, Corollary 3.7]. If f : X → Y is a G-flip, then there is a G-invariant rationally connected subvariety Z X by [PS16b, Corollary 3.8]. In any case, one has dim Z n − 1, so that G has a fixed point on Z.
Recall that a G-equivariant morphism φ : X → S of normal varieties acted on by a finite group G is a G-Mori fiber space, if X has terminal GQ-factorial singularities, one has dim(S) < dim(X), the fibers of φ are connected, the anticanonical divisor −K X is φ-ample, and the relative Ginvariant Picard number ρ G (X/S) equals 1. If the dimension of X equals 3, there are three cases:
• S is a point, −K X is ample; in this case X is said to be a GQFano threefold, and X is a G-Fano threefold provided that the singularities of X are Gorenstein; • S is a curve, a general fiber of φ is a del Pezzo surface; in this case X is said to be a GQ-del Pezzo fibration; • S is a surface, the general fiber of φ is a rational curve; in this case X is said to be a GQ-conic bundle.
Similarly to Lemma 4.1, we prove the following result.
Corollary 4.2. Let X be a rationally connected variety, and G ⊂ Aut(X) be a p-group. Suppose that φ : X → S is a G-Mori fiber space with dim S > 0. Suppose that p > L(n − 1). Then G has a fixed point on X.
Proof. Since X is rationally connected, S is rationally connected as well. Thus the group G has a fixed point on S. Hence there is a G-invariant rationally connected subvariety Z X by [PS16b, Corollary 3.7] . One has dim Z n − 1, so that G has a fixed point on Z.
Surfaces
In this section we collect some facts about p-groups acting on surfaces. In particular, we prove Propositions 1.7 and 1.8.
Lemma 5.1. Let S be a smooth del Pezzo surface, and G ⊂ Aut(S) be a p-group. Suppose that p 5. Then G has a fixed point on S.
Proof. If S ∼ = P 2 , then G has a fixed point on S by Lemma 3.5. If S ∼ = P 1 × P 1 , then G has a fixed point on S by Corollary 3.8. Therefore, we may assume that S is obtained from P 2 by blowing up 1 r 8 points. Put d = K 2 S = 9 − r. If d = 1, then G fixes the unique base point of the linear system | − K S |. If d = 2, then the anticanonical linear system gives a G-equivariant double cover φ : S → P 2 . We know from Lemma 3.5 that there is a G-invariant point P ∈ P 2 , so that the fiber φ −1 (P ) consists of G-invariant points on S. Thus we will assume that 3 d 8. We know the number of (−1)-curves on S: see e.g. [Man86, Theorem IV.4.3(c)] for degrees d 6. If this number is not divisible by p, then there is a G-invariant (−1)-curve C ∼ = P 1 on S, and G has a fixed point on C by Lemma 3.5. This happens unless p = 5 and d = 5. In the latter case one has Aut(S) ∼ = S 5 , see e.g. [Dol12, Theorem 8.5.8]. This means that G is a cyclic group, and G has a fixed point on S by the holomorphic Lefschetz fixed-point formula.
Lemma 5.2. Let S be a smooth rational surface, and G ⊂ Aut(S) be a p-group. Suppose that p 5. Then G has a fixed point on S.
Proof. Let π : S → S
′ be a result of a G-Minimal Model Program ran on S. Then either S ′ is a del Pezzo surface, or there is a GQ-conic bundle structure φ : S ′ → P 1 (see [Isk80, Theorem 1G] ). In the former case G acts on S ′ with a fixed point by Lemma 5.1. In the latter case G has a fixed point on S ′ by Corollary 4.2 and Corollary 3.6. Now Lemma 4.1 implies that G has a fixed point on S. Now we are ready to prove Proposition 1.8.
Proof of Proposition 1.8. The minimal resolution of singularities of S is Gequivariant. Keeping in mind that an image of a G-fixed point with respect to any G-equivariant morphism is again a G-fixed point, we may assume that S is smooth. Now the assertion follows from Lemma 5.2.
Finally, we prove Proposition 1.7.
Proof of Proposition 1.7. Regularizing the (rational) action of G (see [PS14,  Lemma-Definition 3.1]), we may assume that G acts by automorphisms of a smooth rational surface S. By Proposition 1.8 (or by Lemma 5.2) there is a G-fixed point on S. Now everything follows from Remark 3.4 and Lemma 3.3.
Remark 5.3. Theorem 1.3 shows that the assertions of Propositions 1.7 and 1.8 fail without the assumption p 5. See also the examples of §2.
Applying Proposition 1.8 together with Corollary 4.2, we obtain the following result.
Corollary 5.4. Let X be a rationally connected threefold, and let G ⊂ Aut(X) be a p-group. Suppose that φ : X → S is a G-Mori fiber space with dim S > 0. Suppose that p 5. Then G has a fixed point on X.
We conclude this section by two useful facts about p-groups acting on non-rational surfaces.
Lemma 5.5. Let S be a K3 surface with at worst Du Val singularities, and let G ⊂ Aut(S) be a p-group. Suppose that p 5. Then G has a fixed point on S.
Proof. Replacing S with its minimal resolution we may assume that S is smooth. Let G s be the subgroup of G that acts on S by symplectic automorphisms, i.e. G s is the kernel of the induced action of G on H 2,0 (S) (cf. [Nik80, Definition 0.2]). Then G/G s is a cyclic group. If G s is trivial, then G has a fixed point on S by the holomorphic Lefschetz fixed-point formula. Thus we assume that G s is non-trivial.
Suppose that |G s | > p. Then G s contains a subgroupĜ s of order p 2 by Lemma 3.1(i). The groupĜ s is abelian, which is impossible by [Nik80, Theorem 4.5]. Therefore, one has G s ∼ = µ p . Moreover, it has exactly 24/(p + 1) fixed points on S (see [Nik80, §5.1]). Since 24/(p + 1) < p for p 5, these points cannot be permuted by G/G s . Thus G has a fixed point on S.
Lemma 5.6. Let S be a birationally ruled surface over an elliptic curve, and G ⊂ Bir(S) be a p-group. Suppose that p 5. Then r(G) 3.
Proof. There exists a rational map φ : S E, where E is an elliptic curve and a general fiber of φ is a rational curve. Moreover, φ is equivariant with respect to the group Bir(S). Thus we have an exact sequence
where Γ φ acts by fiberwise birational transformations with respect to φ, and Γ S ⊂ Bir(E) = Aut(E). Let S be the fiber of φ over the general scheme-theoretic point of E. Then S is a rational curve over the function field k(E), so that Γ φ ⊂ PGL 2 k(E) is a cyclic group. On the other hand, the elements of Γ S act by translations on E, so that Γ E is generated by at most two elements, and the assertion follows.
Anticanonical divisors
In this section we study invariant anticanonical divisors with respect to p-groups acting on Fano threefolds.
Lemma 6.1. Let X be a terminal Fano threefold, and G ⊂ Aut(X) be a p-group such that X is a GQ-Fano threefold. Suppose that G has no fixed points on X. Furthermore, suppose that there exists a G-invariant divisor S ∈ | − K X |, and that p 5. Then the pair (X, S) is log canonical and one of the following cases occurs.
(A) The surface S is reducible (and reduced ). The group G acts transitively on the set of irreducible components of S. (B) The surface S is irreducible and not normal. Then S is a birationally ruled surface over an elliptic curve. Let Λ ⊂ S be the non-normal locus and let ν : S ′ → S be the normalization. Then ν −1 (Λ) is either a smooth elliptic curve or a disjoint union of two smooth elliptic curves. Moreover, S ′ has at worst Du Val singularities and ν −1 (Λ) is contained in the smooth locus of S ′ . Furthermore, Λ has at most two irreducible components, and each of them is a G-invariant curve of geometric genus 1. In both cases the action of G on S is faithful. In case (B) one has r(G) 3.
Proof. First we claim that for any effective G-invariant Q-divisor D on X such that −(K X +D) is nef the pair (X, D) is log canonical. Indeed, assume the converse. Then replacing D with cD for some rational number 0 < c < 1 we may assume that the pair (X, D) is strictly log canonical and −(K X + D) is ample. Let Z ⊂ X be a minimal G-center of non Kawamata log terminal singularities of the pair (X, D), see [PS16b, §2] . By [PS16b, Lemma 2.2] there exists a G-invariant effective Q-divisor D ′ such that the pair (X, D ′ ) is strictly log canonical, the divisor −(K X + D ′ ) is ample, and the only centers of non Kawamata log terminal singularities of (X, D ′ ) are the irreducible components of Z. By Shokurov's connectedness theorem [Kol92, 17.4 ] the subvariety Z is connected. If dim Z = 0, then Z is a G-fixed point. This contradicts our assumptions. Thus dim Z > 0. By Kawamata's subadjunction theorem Z is normal and there exists an effective Q-divisor ∆ on Z such that the pair (Z, ∆) is Kawamata log terminal and −(K Z + ∆) is ample. In particular, Z is a rational curve. By Corollary 3.6 there is a G-fixed point on Z, which is a contradiction. This shows that (X, D) is log canonical. In particular, (X, S) is log canonical.
Suppose that S is reducible. Write S = S i . Let S 1 ⊂ S be an irreducible component, let S 1 , . . . , S r be its G-orbit, and let
is ample for some c > 1. Since the pair (X, cS ′ ) is not log canonical, this is impossible. Hence S = S ′ , i.e. G acts transitively on the set of irreducible components of S. This is case (A) of the lemma.
From now on we assume that S is irreducible. If S is normal and its singularities are worse than Du Val, then S has at most two non-Du Val points by [Sho93, Theorem 6.9]. Hence G has a fixed point on S in this case. If S has at worst Du Val singularities, then G has a fixed point on S by Lemma 5.5. Finally assume that S is not normal. Let ν : S ′ → S be its normalization. We have the adjunction formula
where ∆ ′ is the different, an effective integral Weil divisor such that ν(∆ ′ ) is supported on the non-normal locus. Moreover, ∆ ′ is G-invariant and the pair (S ′ , ∆ ′ ) is log canonical [Kaw07] . Hence S ′ is a birationally ruled surface. Again by [Sho93, Theorem 6 .9] the locus L of log canonical singularities of (S ′ , ∆ ′ ) has at most two connected components. Since G has no fixed points on S, and hence on S ′ , the surface S ′ is not rational by Proposition 1.8. Moreover, each connected component of L is one-dimensional. In particular, all zero-dimensional centers of log canonical singularities of (S ′ , ∆ ′ ) are contained in ∆ ′ , so that S ′ has only log terminal singularities. Finally consider the case when ∆ ′ is not connected. Then by [Sho93, Theorem 6.9] it has two connected components and both of them are sections of ϕ. Moreover, both are G-invariant. Arguing as above, we see that they are smooth elliptic curves, and the non-normal locus of S is a union of their images under the morphism ν.
We see that the non-normal locus Λ ⊂ S is a union of at most two irreducible G-invariant curves. Moreover, by Corollary 3.6 none of them can be a rational curve, so that their geometric genus equals 1. This completes a description of case (B) of the lemma.
In either of the cases (A) or (B) we see that S has a one-dimensional singular locus. On the other hand, the threefold X has isolated singularities. Suppose that γ ∈ G is an element that acts trivially on S. Let P be a point that is singular on S but non-singular on X. Then T P (S) = T P (X). The action of γ on T P (S) is trivial, while the action of γ on T P (X) is non-trivial by Remark 3.4. An obtained contradiction shows that the action of G on S is faithful.
Finally, applying Lemma 5.6 we see that in case (B) one has r(G) 3.
Gorenstein Fano threefolds
In this section we study p-groups acting on Gorenstein Fano threefolds. Let X be a Fano threefold with at worst canonical Gorenstein singularities. In this case, the number
is called the genus of X. By Riemann-Roch theorem and KawamataViehweg vanishing one has
(see e. g. [IP99, 2.1.14]). In particular, the genus g(X) is an integer, and g(X) 2. The maximal number ι = ι(X) such that −K X is divisible by ι in Pic(X) is called the Fano index, or sometimes just index, of X. Recall that Pic(X) is a finitely generated torsion free abelian group, see e. g. [IP99, Proposition 2.1.2]. The rank ρ(X) of the free abelian group Pic(X) is called the Picard rank of X. Let H be a divisor class such that −K X ∼ ι(X)H. The class H in Pic(X) is unique since Pic(X) is torsion free. Define the degree of X as d(X) = H 3 . Since the class of H is Aut(X)-invariant, the rational map X P N given by a linear system |kH| is always Aut(X)-equivariant.
Lemma 7.1. Let X be a GQ-Fano variety, where G is a p-group. Then either rk Cl(X) = 1, or rk Cl(X) p.
Proof. Suppose that rk Cl(X) > 1. Consider the representation of G in the Q-vector space W = Cl(X) ⊗ Q. There is a one-dimensional subrepresentation K ⊂ W corresponding to the canonical class of X. Put V = W/K. Then V is a (possibly non-faithful) G-representation defined over Q. Since rk Cl(X) G = 1, the representation V has no trivial subrepresentations. By Lemma 3.1(iii) we have dim V p − 1, so that dim W = rk Cl(X) p.
Lemma 7.2. Let X be a terminal Gorenstein Fano threefold with ρ(X) > 1, and let G ⊂ Aut(X) be a p-group such that X is a G-Fano variety. Then p 3.
Proof. By Lemma 7.1 we have ρ(X) p. On the other hand, by [Pro13b] one has ρ(X) 4, and the assertion follows.
Lemma 7.3. Let X be a terminal Gorenstein Fano threefold with ρ(X) = 1 and ι(X) > 1. Let G ⊂ Aut(X) be a p-group such that X is a G-Fano variety. Suppose that p 5. Then G has a fixed point on X.
Proof. It is known that ι(X) 4. Moreover, ι(X) = 4 if and only if X is the projective space P 3 , and ι(X) = 3 if and only if X is a quadric in P 4 (see e. g. [Shi89, Theorem 3.9]). In the former case the assertion is implied by Lemma 3.5, and in the latter case the assertion follows from Lemma 3.12.
Thus we may assume that ι(X) = 2. Recall that 1 d(X) 5 (see e. g. K X | defines an Aut(X)-equivariant double cover X → P 3 . By Lemma 3.5 the group G has a fixed point on P 3 , and hence also on X, cf. Lemma 7.4 below. . Let X be a Fano threefold with canonical Gorenstein singularities, and let G ⊂ Aut(X) be a p-group. Suppose that −K X is not very ample, and that p 5. Then G has a fixed point on X.
Proof. Suppose that G has no fixed points on X. Recall that one has dim H 0 (X, −K X ) = g(X) + 2. If the linear system | − K X | is not base point free, then Bs | − K X | is either a single point or a rational curve [Shi89, Theorem 0.5]. This contradicts our assumption that G has no fixed points on X, see Corollary 3.6. Thus the linear system | − K X | defines a morphism Lemma 7.5. Let X be a terminal Gorenstein Fano threefold. Suppose that ρ(X) = 1, ι(X) = 1, and g(X) 5. Let G ⊂ Aut(X) be a p-group. Suppose that p 5. Then G has a fixed point on X.
Proof. By Lemma 7.4 we may assume that −K X is very ample and so g(X) 3. If g(X) = 3, then X is a quartic in P 4 (because dim | − K X | = 4 and −K 3 X = 4), so that the assertion follows from Lemma 3.12. If g(X) = 4, then X is a complete intersection of a quadric and a cubic in P 5 (see [IP99, Proposition 4.1.12]). In this case the assertion follows from Lemma 3.17. Finally, if g(X) = 5, then X is a complete intersection of three quadrics in P 6 (see [PCS05, Theorem 1.6]). In this case the assertion follows from Lemma 3.18.
Lemma 7.6. Let X be a terminal Gorenstein Fano threefold with ρ(X) = 1 and ι(X) = 1. Let G ⊂ Aut(X) be a p-group such that X is a G-Fano variety. Suppose that g(X)
6 and p 5. Suppose also that g(X) ≡ 1 mod p. Then X is Q-factorial.
Proof. Suppose that X is not Q-factorial, so that rk Cl(X) > 1. Let S be an effective Weil divisor on X which is not Q-Cartier. Take S to be of minimal possible degree. Let S 1 = S, . . . , S N be its G-orbit. Then S i ∼ −aK X for some a ∈ Z. Clearly, N = p k for some k. Therefore, one has
Since 2g(X) − 2 is coprime to p, we can write a = p k b and deg(S) = (2g(X) − 2)b for some b ∈ Z. In particular, X does not contain surfaces of degree less than 2g(X) − 2. Now let ξ : X ′ → X be a Q-factorialization. Run the Minimal Model Program on X ′ . We get the following diagram: . In particular, ψ is a morphism, all varieties X i are Gorenstein, and thus Y is Gorenstein as well, see [Cut88] . Note that ξ contracts all curves of degree 0 with respect to K X ′ . Hence −K X ′ is ample over Z. Assume that Z is a curve. Then a general fiber F of the composition
is a smooth del Pezzo surface. Therefore, we have K
9, a contradiction. Now assume that Z is a surface. It is smooth by [Cut88] . By the above argument with a degree of a fiber we may assume that Z has no contractions to a curve, and so Z ∼ = P 2 . We claim that π : X ′ → Z has no two-dimensional fibers. Indeed, assume that there is a two-dimensional irreducible component of a fiber. Note that by our assumptions running the Minimal Model Program over Z we cannot obtain a Mori fiber space over a surface dominating Z. Hence on some step we get a modelf :X → Z which is an equidimensional (but possibly non-standard) conic bundle, and the last contractionX →X that brings us toX contracts a divisorF to an irreducible componentB of a fiber off . Clearly,B is a smooth rational curve, and −KX ·B equals 1 or 2. Thus −KX ·F 4 (see e.g. [Pro16b, Lemma 2.4]). This contradicts our assumptions. Hence π : X ′ → Z = P 2 is an equidimensional conic bundle.
Let ∆ ⊂ Z be the discriminant curve of ψ, let l ⊂ P 2 be a general line, and put F = ψ −1 (l). Then F is a smooth rational surface with a conic bundle structure θ : F → l ∼ = P 1 . The number of degenerate fibers of θ equals l · ∆ = deg ∆. Therefore, we compute
F + 4 = 10 −ρ(F ) + 4 = 12 −deg ∆. On the other hand, we have
We get the following possibilities:
• deg ξ(F ) = 12, ∆ = ∅, g(X) = 7,
• deg ξ(F ) = 10, deg ∆ = 2, g(X) = 6. Note that ρ(X ′ ) = rk Cl(X) p 5 by Lemma 7.1, and so ρ(X ′ /Z) 4. Hence ∆ has at least 4 irreducible components. This is a contradiction.
Therefore, f cannot be of fiber type, i.e. Z is a point. Hence Y is a (terminal) Gorenstein Fano threefold with ρ(Y ) = 1. Note that each step increases the degree −K 
which gives a contradiction with [Pro05] .
Lemma 7.7. Let X be a terminal Gorenstein Fano threefold with ρ(X) = 1, ι(X) = 1, and g(X) = 12. Let G ⊂ Aut(X) be a p-group such that X is a G-Fano variety. Suppose that p 3. Then G has a fixed point on X.
Proof. Since X is a G-Fano variety, by Lemma 7.1 one has either rk Cl(X) = 1, or rk Cl(X) p > 2. Thus rk Cl(X) = 1 and X is smooth by [Pro16b, Theorem 1.3] . Hence the family C parameterizing the conics (in the anticanonical embedding) on X is isomorphic to the projective plane P 2 , see [KS04, Theorem 2.4], [KPS16, Proposition B.4.1]. By Lemma 3.5 the group G has a fixed point on C , which means that there is a G-invariant conic contained in X. Now the assertion follows from Corollary 3.7
Lemma 7.8. Let X be a terminal Gorenstein Fano threefold with ρ(X) = 1, ι(X) = 1, and g(X) 9. Let G ⊂ Aut(X) be a p-group such that X is a G-Fano variety. Suppose that p 5. Then G has a fixed point on X.
Proof. By Lemma 7.7 we may assume that g(X) = 12, so that either g(X) = 9, or g(X) = 10. Thus the threefold X is Q-factorial by Lemma 7.6.
Assume that X is singular. Since X is Q-factorial, there are at most 3 singular points on X by [Pro15, Theorem 1.3]. Since p > 3, these points must be G-invariant.
the action of G on P induces the initial action of G on X. However, Z acts trivially on P, which is a contradiction.
Proposition 7.10. Let X be a Gorenstein Fano threefold with ρ(X) = 1, ι(X) = 1, and g(X) 6. Let G ⊂ Aut(X) be a p-group such that X is a G-Fano variety. Suppose that G does not have fixed points on X. Suppose also that p 5. Then either the group G has a fixed point on X, or one of the following cases occurs:
(A) p = 5, g(X) = 6, and there is a G-invariant anticanonical divisor on X; (B) p = 5, g(X) = 7, the threefold X is Q-factorial, and there is an irreducible G-invariant anticanonical divisor on X; (C) p = 5, g(X) = 8, the threefold X is Q-factorial, and there are no G-invariant anticanonical divisors on X; (D) p = 7, g(X) = 8, and there is a G-invariant anticanonical divisor on X.
Proof. By Lemma 7.4 the divisor −K X is very ample; alternatively, one can use the results of [PCS05] here. By Lemma 7.8 we may assume that g(X) 8.
Assume that H 0 (X, −K X ) has no one-dimensional G-invariant subspaces. By Lemma 7.9 one has g(X) + 2 2p 10. Hence g(X) + 2 = 2p = 10, so that p = 5 and g(X) = 8. This is case (C) of the lemma. The threefold X is Q-factorial by Lemma 7.6 in this case. Now assume that H 0 (X, −K X ) has a one-dimensional G-invariant subspace. Then there exists a G-invariant divisor S ∈ | − K X |.
Suppose that S is irreducible. Then S is as in case (B) of Lemma 6.1. Let Λ be one of the irreducible components of the non-normal locus of the surface S. Then Λ is a G-invariant non-rational curve. Let d = deg Λ, let Π = Λ be the linear span of Λ, and let H be a general hyperplane section of S. Then H is an irreducible curve with p a (H) = g(X). Note that the surface S is non-rational, so that the curve H is non-rational as well. Since H is singular along Λ ∩ H, we have g(X) d + 1. Since the curve Λ is irreducible and non-rational, we have dim Π d − 1 g(X) − 2.
Consider the case when d < p. By assumption there are no G-fixed points on Λ. Therefore, Λ has no G-invariant hyperplane sections, which implies that Π has no G-invariant (dim Π − 1)-dimensional linear subspaces, and thus Π also does not have G-fixed points. By Lemma 3.5 we have dim Π p − 1 > d − 1, which is a contradiction.
Thus we may assume that g(X)−1 d p. In particular, we have p 7. If p = 7, then g(X) = 8. This is case (D) of the lemma.
Take general points P 1 , . . . , P g(X)−d ∈ S and a general hyperplane section H ′ ⊂ S passing through Π and these points. Then If g(X) = 6, we get case (A) of the lemma. If g(X) = 7, we get case (B) of the lemma; the threefold X is Q-factorial by Lemma 7.6 in this case. If g(X) = 8, we have 6 d 7, which contradicts Lemma 3.13. Finally, suppose that S is reducible, that is, S = N i=1 S i , N > 1. The group G permutes the surfaces S i transitively. Hence N = p k for some k.
Proof. Denote by r P the index of a point P ∈ X, i.e. the minimal positive integer t such that the divisor tK X is Cartier near P . Recall that the terminal singularities are isolated, so there is only a finite number of points with r P > 1. By [Kaw92] , [KMMT00] we have P ∈X r P − 1 r P < 24.
This shows that the number of singular points of X is at most 15. These points cannot be permuted by a p-group G if p 17. Hence G has a fixed point on X.
Remark 8.2. To improve the result of Proposition 8.1 one needs a classification of non-Gorenstein Q-Fano threefolds and their automorphism groups. Note however that the class of Q-Fano threefolds is huge, and only some special types of these varieties are classified (see e.g. [Pro16a] , [PR12] , and references therein).
Now we are ready to prove our main results.
Proof of Theorem 1.6. Taking a G-equivariant desingularization (see [AW97] ) and keeping in mind that an image of a G-fixed point with respect to any G-equivariant morphism is again a G-fixed point, we may assume that the threefold X is smooth.
Applying G-equivariant Minimal Model Program to X (which is possible due to an equivariant version of [BCHM10, Corollary 1.3.3] and [MM86, Theorem 1], since rational connectedness implies uniruledness), we obtain a G-equivariant birational map f : X X ′ such that either there is a G-Mori fiber space φ : X ′ → S, or X ′ is a GQ-Fano threefold. In the former case G has a fixed point on X ′ by Corollary 5.4. In the latter case G has a fixed point on X ′ by Corollary 7.12 and Proposition 8.1. Thus the existence of a G-fixed point on X follows from Lemma 4.1.
Proof of Theorem 1.5. Regularizing the action of G and taking an equivariant desingularization (see e. g. [PS14, Lemma-Definition 3.1]), we may assume that X is smooth and G ⊂ Aut(X). By Theorem 1.6 the group G has a fixed point on X. Thus there is an embedding G ֒→ GL 3 (k) by Remark 3.4. Now the assertion follows from Lemma 3.3.
Remark 8.3. If we restrict ourselves to subgroups of Cr 3 (k), then it may be possible to strengthen the bounds. Namely, although rationally connected varieties with relatively large automorphism groups are sometimes necessarily rational (as in the case of cubic or quartic hypersurfaces in P In any case, we believe that the results of Propositions 7.10 and 8.1, and thus of Theorems 1.5 and 1.6, can be strengthened.
